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1.  INTRODUCTION 
This paper  is concerned with the higher-order nonl inear functional differential equat ion 
x (n) (t) + af ( t ,  x(g(t))) = 0, t >_ t0, (1.1) 
where n _> 2, a = +1 or a -- -1 ,  g(t) is a continuous and nondecreasing function such that  
limt--,oo g(t) = co, and f : [to, co) x R ~ R is a continuous function and satisfies 
f ( t ,x )  >_ O, (t ,x) • [t0, co) x (0, co). (1.2) 
It  is well known [1-4] that  if x(t) is a posit ive solution of (1.1), then there exists an integer k 
such that  0 < k < n, ( -1 )n -k - la  = 1 and 
x(i)(t) > O, t > Tx, 0 < i < k -  1, 
(1.3) 
( - -1) i -kx( i ) ( t )  > O, t > Tx, k < i < n, 
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for some sufficiently large T~. Denote by P and Pk, respectively, the set of all positive solu- 
tions of (1.1) and the set of all positive solutions x(t) of (1.1) satisfying (1.3). Then the above 
fo ra=+l  and neven, 
P=PoUP2U. . .UPn_t ,  fo r~=+l  and nodd,  
P=PoUP2U'"UPn, fo ra=- I  and neven, 
fo ra=- I  and nodd.  
observation means that P has the decomposition: 
P=PIUP3u.. .uP~_I,  
to the classes Pk with k such that 
(--1)n-k-la ---- 1. 
P = P1U.P3  U . . -  U Pn, 
In what follows, our attention will be restricted 
0 < k < n and 
If x E Pk for such a k, then, in 
T _> Tz such that 
clt k-1 < x(t) <_ c2t k, t > T, 
and exactly one of the following three cases occurs: 
lim x(k)(t) = const. > 0, 
t"'*(:X) 
lira x(k)(t) = 0 and lira x(k-1)(t) = +co, 
t ---*oo t---*oo 
lira x(k-1)(t) = const. > 0. 
t ----*OO 
This suggests a further decomposition of Pk, 
Pk = Pk [max] U Pk [int] U Pk [min], 
(1.4) 





where Pk[max], Pk[int], and Pk[min] denote the sets of all x E Pk satisfying (1.6)-(1.8), respec- 
tively, and naturally raises the question of characterization f these classes of Pk. 
The classes Pk [min] and Pk [max] have been discussed in great detail by several authors and in 
fact the following characterization result has been obtained for (1.1) with monotone nonlinearity 
(see [3-5]). 
THEOREM A. (See [3,4].) Suppose that f ( t ,x )  satisfies (1.2) and is either nondecreasing or 
nonincreasing in x e (0, co) for each fixed t E [to, co). Let k be an integer satisfying (1.4). Then 
(i) Pk[max] # ¢ for (1.1) if and only if 
oo (t, c[g(t)] k) < +co, some c > 0; (1.9) tn -k - l  f dt for 
(ii) Pk[min] ¢ ¢ for (1.1) if and only if 
oo (t, c[g(t)] k- l)  < +co, some c > 0. (1.10) tn-k f dt for 
When g(t) = t, equation (1.1) reduces to the following equation: 
x(n)(t) + af(t ,  x(t)) = O, t > to. (1.11) 
Recently, K usano and Naito [3] have considered (1.11) and discussed the subclasses Pk [int] subject 
to the assumption that the nonlinear term f(t ,  x) is nonincreasing in x, see [3, Theorems 1and 2]. 
However, a more difficult problem is to characterize the situation in which (1.11), or more 
general equation (1.1), possesses a positive solution of Pk[int] for given integer k compatible with 
assumption (1.4) when f (t ,  x) is nondecreasing. A partial solution of this problem has been given 
by Kusano and Naito [3] for the equation 
x(n)(t) + ap(t)x~(t) = O, t > to, (1.12) 
where 0 < V < 1. That is to say, they obtained the following result. 
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THEOREM B. (See [3].) Consider equation (1.12) with 0 < V < 1 and let k be an integer 
satisfying (1.4). Then, Pk[int] ~ ¢ for (1.12) if and only if 
tn-k-l+k~p(t) dt < c~ and tn-k+(k-1)~p(t) dt = oo. (1.13) 
In this paper, motivated by Theorem B and methods in [6], we study the class Pk[int] for 
equation (1.1) with nondecreasing nonlinearity f ( t ,x)  which generalizes the case (0 < V < 1) 
of (1.12). We first give, for (1.1), sufficient conditions (Theorem 1) and necessary conditions 
(Theorem 2) for the existence of positive solution of Pk lint], and then indicate a special class of 
equation of the form x (n) (t) + ap(t)¢(x(g(t))) = 0 for which a characterization f Pk[int] can be 
established (Theorem 4). 
2. MAIN  RESULTS 
THEOREM 1. In addition to (1.2), assume that f(t, x) is nondecreasing in x e (0, ~)  for each 
fixed t >_ to. Let k be an integer satisfying (1.4). Then, Pk lint] ~ ¢ if 
/ o~ tn :k - l f  (t, a[g(t)] k) dt < +oo, for some a > 0, (2.1) 
and 
f oo tn -k f  (t, big(t)] k-l) dt = +oo, for every b > 0. (2.2) 
PROOF. Let T >_ to be a large number such that 
b b (t - T) k / /  (s - T) n-k-1 (2.3) 
g(t---) < a, t + ~ (n - k - 1)! f (s'a[g(s)]k) ds < a, 
for t ~ T. Such a number exists since g(t) -~ oo as t --* (x~ and (2.1) hold. Defined an operator F
as follows: 
{b l f~ (t-s) k-1 ~s°° ( r - - s )  n-k-1 (r,[g(r)]kx(g(r))) dr)ds, t > T, 
(Fx)(t)= t+-~ (k - l ) !  x (n -k - l ) !  f - (2.4) 
(Fx)(T), to <_ t < T. 
Consider the sequence {xi(t)} of successive approximation defined by xl(t) - 0, and for i = 
1, 2 . . . .  , 
Xi+l(t) = (Fzi)(t), t >_ to. 
In view of the nondecreasing property of f(t, x), it is easy to see that 
O<xi(t)<_xi+l(t), t>t0 ,  i=1 ,2 , . . . .  
On the other hand, 
b b 
x2(t) = ~ < a and x2(g(t))= ~ < a, 
Yk v) 
t >_to, 
and by induction, we have 
X~+l(t) < a [~ 
<_ a, 
(k - i ) !  ( s  (r--s)n-k-l(n -  - 1)! f (r'[g(r)]kxi(g(r))) dr) ds] 
(t  - T )  k 
+ aT~ (f/(r- T)n- -l(n - k  1)[ f (r'a[g(r)]k)) dr] 
t >_to. 
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Thus, {xi(t)} is pointwise convergent to  some function x*(t). By means of the Lebesgue domi- 
nated convergence theorem, we obtain Fx* = x*. In view of (2.4), it is clear that b/t <_ x* (t) <_ a, 
t >_ to. We assert hat the function z(t) defined by z(t) = x*(t)t k, t >_ to is an eventually positive 
solution of (1.1) in Pk[int]. Indeed, note that 
/T  (t-- s)k-1 ( / °°  ( r -  s)n-k-1 ) 
z(t) = bt k-1 + (k - 1)! (n - k - 1)! f(r, z(r)) dr ds, t >_ to. (2.5) 
Differentiating equation (2.5), we see that 
IT (iss c~ (r-s)n-k-1 ) Z(k-1)(t)=b+ (n_k_ l ) ! f ( r , z ( r ) )d r  ds, t>_to, (2.6) 
and 
/ ~ (r - t )n -k - l f ( r , z ( r ) )d r ,  t > z(k)(t) = (n -  k -  1)! to. (2.7) 
In view of (1.4), it is clear that z = z(t) satisfies (1.1) at every point of [T, CO). By (2.7), we 
have limt__,~ z(k)(t) -= O. Since (2.6) and (2.7) imply that z(k-1)(t) is positive and increasing in 
[T, CO), z(k-1)(t) either converges to some positive limit or diverges to CO as t --~ CO. Assume that 
the first case holds. Then, this means that z E Pk[min], and so (1.10) holds by Theorem A in 
Section 1. But this contradicts assumption (2.2). Thus, we conclude that limt--,~ z (k-l) (t) -- CO, 
implying that z(t) is a solution of (1.1) belongs to Pk[int]. The proof is complete. 
We remark that when f(t, x) = p(t)x ~, Theorem 1 conclude the sufficient part of Theorem B 
of [3]. 
Necessary conditions for the existence of Pk[int] solutions of (1.1) are given in the following 
theorem. 
THEOREM 2. In addition to (1.2), assume that f(t, x) is nondecreasing in x E (0, CO) for each 
fixed t >_ to. Let k be an integer satisfying (1.4). I[ equation (1.1) has a positive solution of class 
Pk [int], then 
/oo  (t, a[g(t)] k-l) < +CO, every a > 0, (2.8) tn-k- l  f dt [or 
and 
(t, bMt)] k) = +CO, tn-k f dt 
PROOF. Let x E Pk[int] for (1.1). Then 
lim z(t) 
t~oo 7 = 0 and 
Hence, for any Cl > 0, c2 > 0, there exists tl _> to such that 
for every  b > 0. (2.9) 
lim x(t) 
t---*oo ~ ~ CO. 
x(t) > clt k- l ,  x(g(t)) > cl[g(t)] k-I, x(t) <_ c2t k, x(g(t)) < c2[g(t)] k, t >_ tl, 
which, in view of the nondecreasing property of f(t, x), implies 
(2.10) 
:(t, > 4 t-k : (t, 
f(t, x(g(t)))[x(t)]-~ _< c-{~t-(a-1)~ f (t, c2[g(t)lk) ,
Theorem B in Section 1 applies to the equation 
x (n) +af(t,x(g(t)))[x(t)]-~[x(t)] ~ = O, 0 < "y < 1 
t k tl, (2.11) 
~ tl. (2.12) 
(2.13) 
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implies that 
f ~ x(g(t)))[x(t)] -~ < ~,  tn-k-l+k'Y f(t,  dt 
f~  x(g(t)))[x(t)] -~ = oo.  tn-k+(k-1)'Y f(t ,  dt 
These show that (2.8) and (2.9) hold. The proof is complete. 
Next, we consider the equation 
x (n) + ap(t)¢(x(g(t))) = O, t > to, (2.14) 
where p : [to, c~) --~ [0, co), ¢ : (0, c~) --~ (0, oo) are continuous, and g is a continuous and 
nondecreasing function such that l imt_~ g(t) = oo. Then, by using a similar method in [3], it is 
easy to prove the following result, which is a generation of Theorem 3 in [3, g(t) = t]. 
THEOREM 3. Assume that ¢(x) is nonincreasing and satisfies 
and let k be an integer satisfying (1.4). 
Pk [int] if and only if 
oo tn-k- lP(t)  dt < oc 
lim ¢(x) > 0, (2.15) 
X ---~OO 
Then, equation (2.14) has a positive solution of class 
and tn-kp(t) dt = cx~. (2.16) 
Similarly, from Theorems 1 and 2, we can obtain the following result. 
THEOREM 4. Assume that ¢(x) is nondecreasing and satisfies 
0 < ¢(x) < c, c is a constant, (2.17) 
and let k be an integer satisfying (1.4). 
and only if (2.16) holds. 
As example, consider the equation 
x(g(t))~ = 0, t > to, (2.1s) x (n) + op(t) 1 + x(g(t))~ 
where V > 0 is constant and g is defined as that of Theorem 1. By Theorem 4, equation (2.18) 
has a solution of class Pk[int] if and only if (2.16) holds. But Theorem 3 is not applicable to (2.18) 
since ¢(x) is increasing. 
By Theorems 3 and 4, we have the following result. 
THEOREM 5. Assume that ¢(x) is either nondecreasing or nonincreasing and satisfies 
Then, equation (2.14) has a solution of class Pk[int] if 
where a and b are constants. Let k be an integer satisfying (1.4). Then, Pk[int] ¢ ¢ if and only 
if (2.16) holds. 
a < ¢(x) < b, x e (0, co), (2.19) 
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